非線形双曲型方程式の解の超可微分性の伝播について(超函数と微分方程式) by 佐々木, 徹
Title非線形双曲型方程式の解の超可微分性の伝播について(超函数と微分方程式)
Author(s)佐々木, 徹












$( \frac{\partial^{2}}{\partial t^{2}}-\sum_{i=1}\frac{\partial^{2}}{\partial x_{i}^{2}})nu=f(u)$
$u$ ,
. . , M. Reed, J. Rauch M. Beals
. $([\mathrm{R}_{-}\mathrm{R}], [\mathrm{B}])$
,
. , S. Alinhac G. Metivier ,
$F(y, u, \cdots, \partial_{y^{u()}’|\alpha|\leqq m}^{\alpha}y\cdots)=0$
, ,
. $([\mathrm{A}_{-}\mathrm{M}])$
, S. Alinhac G. Metivier
.
. ( ,
[H\"o], [K-1], [L-W] . ) $\Omega$ $\mathbb{R}^{n}$ . $\alpha=$
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$(\alpha_{1}, \alpha_{2}, \ldots, \alpha n)$ . ,
.
$\partial^{\alpha}=\partial_{x_{1}}^{\alpha_{1}}\cdots\partial_{x_{n}}^{\alpha_{1}}=(\frac{\partial}{\partial x_{1}})^{\alpha_{1}}\cdots(\frac{\partial}{\partial x_{n}})^{\alpha_{n}}$ ,
$|\alpha|=\alpha_{1}+\cdots+\alpha_{n}$ ,





$M_{p}^{2}\leqq M_{p-1}M_{p}+1$ , $p=1,2,3,$ $\cdots$ .
(M.2) ( ) $A,$ $H$ :





$( \frac{M_{p}}{p!})^{2}\leqq\frac{M_{p-1}}{(p-1)!}$ . $\frac{M_{p+1}}{(p+1)!}$ , $p=1,2,3,$ $\cdots$ .
(M.5)
$\lim_{parrow\infty}\frac{pM_{p-1}}{M_{p}}=0$ .
$M_{p}$ , $\{M_{p}\}$ $(M_{p})$ .
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1.1. \Omega $C^{\infty}$ $f$ $\{M_{p}\}$ (resp. $(M_{p})$) , $\Omega$
$I\zeta$ $h$ $C$ (resp.
If $h$ $C$ )
:
$\sup_{x\in \mathrm{A}^{\Gamma}}|\partial^{\alpha}fx(X)|\leqq Ch^{|\alpha}|M_{1}\alpha|$ , $|\alpha|=0,1,2,$ $\cdots$ .
, . $\Omega$ $\mathbb{R}^{n+1}$ . $\phi(y)$ $C^{2}(\Omega)$
, $S$ $S=\{y;\phi(y)=0\}$ . , $\phi$ $d\phi\neq 0$




$\Omega\cross u(\Omega)\cross\cdots\cross\partial_{x,t}^{\alpha}u(\Omega)\cross\cdots$ , $|\alpha|\leqq m$
$\{M_{p}\}$ (resp. $(M_{\mathrm{P}})$ ) .




1.1. (1.1) $u\in C^{\infty}(\Omega)$ $\Omega_{-}$ $\{M_{p}\}$ (resp.





, $L^{\infty}$ , Cauchy-




2.1. $N$ . $c_{\mathit{0},N}$ ,






$N$ $c\mathit{0},N$ , $\tilde{M}_{p,N}$
$\tilde{M}_{p,N}=\frac{c_{0,N}M_{p}}{(p+1)^{2N}}$
. 1.1 , $\tilde{M}_{p,N}$ $M_{p}$ ,
$\{M_{p}\}$ .
, .
, [K-2], [K-4], [L-W], [S], [Y-1], [Y-K] .
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, [S] , 2
.
, .
$F(Y)= \sum_{\beta\geqq 0}\frac{F_{\beta}}{\beta!}Y^{\beta}$ ,
.
$G(Y)= \sum_{\beta\geqq 0}\frac{G_{\beta}}{\beta!}Y^{\beta}$ ,
$X$ .
2.1. $r$ , $F$ $G$ $r$
,









2.2. $r$ , $I\mathrm{t}^{\Gamma}$ A . $f$
$F(Y)= \sum_{q=0}^{\infty}\frac{F_{q}}{q!}Y^{q}$
$||\partial_{y}^{\beta}f||L\infty(K)\leqq F_{|\beta|}$ , $|\beta|\leqq r$
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, $f$ $K$ $r$ $F$ $L^{\infty}$
,
$f\ll F(r:L^{\infty}(K))$
. , , $f$




, . , $C^{\infty}$
.
$\Omega$ $\mathbb{R}^{\mu+\nu}$ . $(x, y)=(x_{1}, \cdots, x_{\mu}, y_{1}, \cdots, y_{\nu})$
. , $\Gamma$ $\Omega$ , $h,$ $H$ . ’
, $u=(u_{1}, u_{2}, \cdots u_{\kappa})\in C^{\infty}(\Omega;\mathbb{R}^{\kappa})$ ,
$|u|_{i^{l;^{\mathrm{r}}}},= \sum_{\leqq 1\leqq i\kappa|\beta}\max||\partial\alpha\partial\beta ui|xy||\alpha|=|=^{\iota}j(L^{\infty}\mathrm{p})$
,
$[u]_{p,q})h,H; \mathrm{r}=\max\frac{|u|_{j,l};\Gamma}{\tilde{M}_{j+\mathrm{t}^{hH}}jl}0<(j,\iota)\leqq(p,q)$ .
. $\mathbb{Z}+$ $\{0,1,2, \cdots\}$ . , $\text{ }\tilde{M}j,2$ $\tilde{M}_{j}$




, $u$ . 22
.
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23. $r,$ $s$ , $I\acute{\mathrm{t}}$ $\Omega$ . $u$
$F(X, Y)= \sum_{p,q}\infty=0\frac{F_{p,q}}{p!q!}XpY^{q}$ ,
$||\partial_{x}^{\alpha}\partial_{y}^{\beta}u||L\infty(K)\leqq F_{|\alpha|,|\beta|}$ , $|\alpha|\leqq r$ , $|\beta|\leqq s$




2 , [S] ,
.
2.1. $u=(u_{1}, \cdots u_{\kappa})$ $C^{\infty}(\Omega;\mathbb{R}^{\kappa})$ , $p,$ $q$













$(_{\Gamma,S}) \in \mathbb{Z}+\sum_{0\backslash \{(,0)\}}\frac{U_{r,s}}{r!s!}X^{r}\mathrm{Y}S$
,
$f \circ u<<B\sum_{=0}^{\infty}(p,q;L^{\infty}(\mathrm{r}))\iota\frac{k^{l}M_{l}}{l!}(_{(r,S)}\mathbb{Z}+\backslash \{(0,0)\}Y^{S}\sum_{\in}\frac{U_{r,s}}{r!s!}x^{r}\mathrm{I}^{\iota}$
, . , .
, $M_{p}$ (M.O) (MMM 5) ,
, (M.4) . , .
2.1. $(M.\mathit{4})$ . ,
$\frac{M_{s+r-1}}{(s+r-1)!}\geqq\frac{M_{s}}{s!}$ . $\frac{M_{r}}{r!}$ , $r,$ $s\geqq 1$
.
, $M_{p}$ , (M.O) (M.4) , $i$ ,
$p_{1},$ $p_{2},$ $\cdots,Pj$ ,
$\frac{M_{p_{1}+p_{2}\cdot\cdot.+pj}+}{(p_{1}+p_{2}+\cdot \mathrm{s}+p_{j})!}.\geqq$ $. \frac{M_{j}}{j!}$ . $\frac{M_{p_{1}}}{p_{1}!}\cdots\frac{M_{pj}}{p_{j}!}$
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([K-2], [K-3], [K-4], [L-W], [S]). ,
, 2.1 .
, 2.1 Cauchy-Kowalevsky
. , [S] . $\Omega$ $\mathbb{R}^{\mu}$ , $T$
. , $u(x, y)=(u_{1}(x, y),$ $\cdots,$ $u_{\kappa}(x, y))$ \Gamma $=$ $\cross[0, T]$
$\mathbb{R}^{\kappa}$ .
2.1. $u\in C^{\infty}(\Omega \mathrm{x}(0, \tau);\mathbb{R}^{\kappa})$
$\partial_{y}u(x, y)=f(x, y, u(X, y), \partial_{x}u(X, y))$ ,
. , $f$ ,
$\overline{\Omega\cross[0,T]\cross u(\Omega,[0,T])\cross\partial xu(\Omega,[\mathrm{o},\tau])}$.
$\{M_{p}\}$ (resp. $(M_{p})$) $\mathbb{R}^{\kappa}$ . $y$






$\Gamma$ $\{M_{p}\}$ (resp. $(M_{p})$ ) .
, $\{M_{p}\}$ 2.1
. $(M_{p})$ , $\{M_{p}\}$ $([\mathrm{K}- 3], [\mathrm{S}])$ .
3. .
. , , 42
.
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$a$ , $\Omega’=\{x\in \mathbb{R}^{n}; |x|<a\}$ . , $s$ $s>n/2$
. , ,









$[u]_{p,h;H^{\mathrm{q}}}.( \Omega’)=\max\frac{|u|_{q;H^{S}}(\Omega\prime)}{\tilde{M}_{q}h^{q}}1\leqq q\leqq p$.
, $\tilde{M}_{q,n}$ $\tilde{M}_{q}$ . , 3
4 $\tilde{M}_{q}$ $\tilde{M}_{q,n}$ .
3.1. $M_{p}$ (M. $\mathit{0}$) $(M.\mathit{4})$ . $u$ $\Omega’$ $C^{\infty}$







, (1), (2), (3) .
(1) $[f\mathrm{o}u]_{p});(\Omega’)hH^{S}\leqq 2\kappa a_{0}kB[u]_{p},h;H^{9}\vee(\Omega’)$ ,
(2) $|f\mathrm{o}u|_{p}+1;H^{\mathit{8}}(\Omega’)\leqq 2\kappa a_{0}kB\{|u|_{p+;}1H^{s}(\Omega^{!})+[u]_{p,;}hH\mathit{8}(\Omega’)\tilde{M}_{p+}1hp+1\}$,
(3) $|\alpha|=p+1$ , $j=1,$ $\cdots,$ $n$ , $l=1,$ $\cdots,$ $\kappa$
$||\partial_{x}^{\alpha}((f\mathrm{o}u)(\partial_{x_{j}}u\iota))-(f\circ u)\partial^{\alpha}x\partial x_{j}u\iota||_{H^{s}}(\Omega’)$
$\leqq 2\kappa a0kB\max\{1+\frac{a_{0}}{2n}, a_{0}\}\max\{1, |u|_{1;H}s(\Omega’)\}(p+1)$
. $\{|u|_{p1;H\sim}+\cdot(\Omega’)+[u]_{p},h;Hs(\Omega’)\tilde{M}_{p+}1hp+1(+[u]_{p,;}hHs(\Omega’))2\tilde{M}_{p+1}hp+2\}$ .
(1) (2) , 2 [S]




$\partial_{t}^{m}u+f(X, t, u, \cdots, \partial_{x,t}^{\alpha}u, \cdots)_{\alpha\in A_{m}}=0$ (4. 1)
. , $\Omega=\{(x, t)\in \mathbb{R}^{n}\cross \mathbb{R};|x|<a, 0<t<T\}$
$\Omega$ (4.1)
. ,
$A_{m}=\{\alpha=(\alpha_{1}, \cdots, \alpha_{n+1}) : |\alpha|\leqq m, \alpha\neq(0, \cdots, 0, m)\}$
. , $u\in C^{\infty}(\Omega)$ $\Omega$ (4.1) ,
$f(x, t, v, \cdots, v^{(\alpha)}, \cdots)$
128
$\Omega\cross u(\Omega)\mathrm{x}\cdots \mathrm{x}\partial_{x}^{\alpha},u(t\Omega)$ $\mathrm{x}\cdot$ :. , $\alpha\in A_{m}$
A $\{M_{p}\}$ (resp. $(M_{p})$ ) . (4.1)




4.1. $\eta,$ $\eta_{1}$ ,
$\eta>0$ , $\eta_{1}>\tau-\eta a^{2}$
. , $u$ $\Omega$ (4.1) . $u$
$\Omega\cap\{t<\eta|x|^{2}+\eta_{1}\}$ $\{M_{p}\}$ (resp. $(M_{p})$) $u$ $\Omega$
$\{M_{p}\}$ (resp. $(M_{p})$) .
3.1 , 4.1 $(M_{p})$
$\{M_{p}\}$ .
, $\{M_{p}\}$ .
$\Omega’=\{x\in \mathbb{R}^{n}; |x|<a\}$ . $\Omega$ $C^{\infty}$ $u$ $x$
$|u( \cdot, t)|_{p;H^{s}}(\Omega’)=\max||\beta|=p|\partial_{x}\beta u(\cdot,t)||_{H(}S\Omega’)$ ,
$\langle u(\cdot, t)\rangle p;H^{s}(\Omega’)=\max|\partial\alpha(x,ttu\cdot,)|p;H\sim(\mathrm{Q}\Omega^{l})|\alpha|\leqq m-1$ ’
$\langle\nabla_{x}u(\cdot, t)\rangle_{p;H(}\epsilon\Omega’)=\max\langle 1\leqq j\leqq p\partial_{x}u(j., t)\rangle_{p};H^{s}(\Omega’)$
129
.(4.1) , $|\beta|=p+1$ ,
$P\partial_{x}^{\beta\beta}\partial_{x_{j}}u=k_{\beta},j+\partial_{x}(gj)$ (4.2)








. , $\tilde{w}$ , $\mathrm{i}\mathrm{d}(x, y)=(x, y)$ $(\partial_{x,t}^{\alpha}u;\alpha\in A_{m})$
. , 3.1 (2), (3)
.
, $f$ $\{M_{p}\}$ , $k,$ $B$ ,
$||(\partial^{\gamma}f^{()}y)\alpha \mathrm{O}u||_{H}\epsilon(\Omega’)\leqq Bk^{||M}\gamma|\gamma|$ , |= $0,1,$ $\cdots$
$||(\partial_{y}^{\gamma}g(\beta)j))\mathrm{o}u||_{H}S(\Omega’)\leqq Bk^{|\gamma|}M_{1}\gamma|$ , $|\gamma|=0,1,$ $\cdots$
$||(\partial_{yj)}^{\gamma}f_{(})\circ u||H^{s}(\Omega’)\leqq Bk^{|\gamma|}M_{1}\gamma|$ , $|\gamma|=0,1,$ $\cdots$
. $k,$ $B$ , $\delta=\frac{1}{2a_{\mathrm{O}}k}$ , 3.1
.




$\langle\nabla_{x}u(\cdot, t)\rangle p;H^{s}(\Omega’)<\frac{\delta}{\kappa}e^{-\lambda t}\tilde{M}h_{\lambda,t}^{p}p$
’
$0\leqq t\leqq T$
$\langle u(\cdot, t)\rangle_{p}).H\sim(l\Omega’)<\frac{\delta}{\kappa}e^{-\lambda}\tilde{M}th^{p}p\lambda,t$ $0\leqq t\leqq T$.
, $he^{\lambda t}=h_{\lambda,t}$ .
, $|\beta|=p+1$ ,
$\langle\nabla_{x}u(\cdot, t)\rangle p+1;H^{\mathrm{Q}}\sim(\Omega’)\leqq C_{2}\int_{0}^{t}||P\partial_{x\mathrm{j}}^{\beta}\partial_{x}v(\cdot, S)||H^{S}(\Omega’)Sd$




42 , $u$ 2.1 , $\cdot$
2.1 , 4.1 $\{M_{p}\}$ .
, 1.1 .
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